Nonlinear behavior of geometric phases induced by photon pairs 
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In this study, we observe the nonhnear behavior of the two-photon geometric phase for polarization 
states using time-correlated photons pairs. This phase manifests as a shift of two-photon interference 
fringes. Under certain arrangements, the geometric phase can vary nonlinear ly and become very 
sensitive to a change in the polarization state. Moreover, it is known that the geometric phase for 
N identically polarized photons is N times larger than that for one photon. Thus, the geometric 
phase for two photons can become two times more sensitive to a state change. This high sensitivity 
to a change in the polarization can be exploited for precision measurement of small polarization 
variation. We evaluate the signal-to-noise ratio of the measurement scheme using the nonlinear 
behavior of the geometric phase under technical noise and highlight the practical advantages of this 
scheme. 
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I. INTRODUCTION 

When a system evolves in such a manner that it re- 
turns to its original state after some time, its wavefunc- 
tion acquires an additional phase factor, which depends 
solely on the path traced in the ray space. The geo- 
metric phase was first discovered by Berry in adiabatic, 
cyclic evolution of pure quantum states [1]. The geomet- 
ric phase has been generalized to other state evolutions 
including nonadiabatic evolution ^, ,3|] , noncyclic evolu- 
tion [3, [5[ and mixed state evolutions [l, In optics, 
Pancharatnam reported the geometric phase in the po- 
larization state [8[ . His pioneering work is now widely 
regarded as being an early precursor of the geometric 
phased, i,[io|. 

There have been many interesting studies on the ob- 
servation of the geometric phase |lll-[l8j . Schmitzer et 
al. [l9| reported that the variation of the geometric phase 
exhibits extraordinary nonlinearity associated with post- 
selection. In a certain arrangement, a small change in the 
pre - or post-selected state induces a large phase shift plsl - 
[2^ . Several applications have been proposed that utilize 
the nonlinear behavior of the geometric phase includ- 
ing optical switching [20|, [HI and high-precision measure- 
ments [H, [H . 

Another important topic is the manifestation of the 
geometricphase in bipartite and multipartite systems. 
Klyshko |26| showed that the geometric phase for N iden- 
tically polarized photons is N times that for one pho- 
ton. This principle has been observed for two photons 
in a two-photon interference experiment utilizing time- 
correlated photon pairs ^] . The effect of entanglement 
on the geometric phase has also been discussed in (28l - 

The aim of the present study is to observe the nonlinear 
behavior of the geometric phases of two photons. To the 
best of our knowledge, this is the first observation of the 
nonlinear behavior of the two-photon geometric phase. 
In our experiment, time-correlated photon pairs with the 
same polarization are incident on a Mach-Zehnder inter- 



ferometer with polarization elements. We can observe 
the geometric phase of two photons as the phase shift of 
two-photon interference fringes using coincidence count- 
ing. This phase shift is two times larger than that for one 
photon. It lies between and 47r, i.e., the two-photon 
interference fringe can be shifted by up to two fringe pe- 
riods. Moreover, the nonlinear behavior suggests that 
the geometric phase for two photons is two times more 
sensitive to a change in the input polarization than the 
one-photon case. A minute change in the input polariza- 
tion results in a large shift in the two-photon interference 
fringe. 



This high sensitivity to the input polarization can be 
utilized to precisely measure small variations. We show 
that the signal-to-noise ratio (SNR) of the measurement 
scheme using the geometric phase for multiphoton can 
be improved for a certain type of noise. Recently, there 
has been a related discussion about signal enhancement 
with post-selection, the so-called weak measurement am- 
plification, in the presence of some noises (32l-[36|. 



The remainder of this paper is organized as follows. In 
Sec.ini we briefly review the geometric phase induced by 
a change in the polarization state in a one-photon inter- 
ferometer and we show that the geometric phase can be 
very sensitive to a change in the polarization state for a 
certain arrangement. Moreover, we show that the TV- fold 
geometric phase for N identically polarized photons can 
be observed using the same interferometer. In Sec lIII) 
we introduce the experimental setup used to observe the 
geometric phase for two photons and the results indi- 
cating the twofold geometric phase and its nonlinearity. 
In Sec. lIVl we consider the application of the nonlinear 
behavior of geometric phases to high-precision measure- 
ments. The SNR is evaluated for a practical situation 
that includes both shot and technical noise. A summary 
is presented in Sec.lVl 
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FIG. 1: (Color online) A Mach-Zehnder interferometer with 
polarization elements used to observe the geometric phase. 
The interferometer contains two linear polarizers, LPi and 
LP2, and two quarter- wave plates, QWPa and QWPb- The 
angles of the transmission axes of LPi and LP2 are respec- 
tively 90° + Oi and ^2, and those of the fast axes of QWPa 
and QWPb are 0° and 90°. The states |V^2), |V^a), and 

IV^b) are the polarization states after LPi, LP2, QWPa, and 
QWPb, respectively. 




FIG. 2: Spherical triangle on the Poincare sphere formed by 
three polarization states, |'02), and I'^s)- The geometric 

phase is proportional to the solid angle Q of the spherical 
triangle. The poles correspond to the right and left circular 
polarization states, |R) and |L), and the equator corresponds 
to the linear polarization states; for example, the horizontal 
polarization |H), vertical polarization |V), 45° polarization 
|D), and 135° polarization |X). 



II. GEOMETRIC PHASE FOR N PHOTONS 
AND ITS NONLINEARITY 



A. Geometric phases in a one-photon 
interferometer 



We begin by reviewing the geometric phase induced 
by changing the polarization state in one-photon inter- 
ferometer. Consider a Mach-Zehnder interferometer with 
polarization elements as shown in Fig.[TJ In each arm of 
the interferometer, the initial polarization state of an 
incident photon is converted into new polarization states 
IV^a) and |V^b)- If an additional U(l) phase shift x is in- 
troduced in one of the arms, the output intensity /m will 
be 



^ IIIV^a) 

= 2 [1 + ^ 



n C0S(X - 



(1) 

(2) 



where the visibility and the phase shift 0m are respec- 
tively given by 



KV'bIV'a)!, 

arg(V'BlV'A)- 



(3) 
(4) 



The phase shift 0m expresses the phase difference be- 
tween the two different polarization states and is called 
the relative phase (8|. When (V^aIV^b) = 0, two states 
can be perfectly distinguished and the path followed by 
the photon is unambiguously discriminated. The inter- 
ference is then completely destroyed and the visibility 
is reduced to zero. 

Next, we consider the phase shift induced by post- 
selection. Post-selection of the polarization state into 



|'02) causes the output intensity /f to become 

/fa II (cA + e^^CB) 1^2)11' (5) 
= 2p[l + vfcos(x-0f)], (6) 

where ca = ('02|'0a) and cb = ('02|'0b)- The success 
probability p of the post-selection, the visibility Vf, and 
the phase shift 0f are expressed as 



1 



_ 2|cacb| 
|caP + |cbP' 
0f = arg(V^B|V^2)(V^2|V^A), 



(7) 

(8) 
(9) 



respectively. Equation (|8]) shows that even when I'^a) is 
orthogonal to IV^b), the visibility is completely recovered 
('^f = 1) provided |ca| = |cb|. In this condition, I^/^a) 
and IV^b) are projected into the same polarization state 
|'02) with the same probability, and it is not possible 
to determine the photon paths. This shows that post- 
selection completely erases the which-path information 
and recovers the interference. 

The net phase shift induced by the post-selection is 
calculated as 

7(V^A, V^B, V^2) = 0f - 0m (10) 

= arg(V;A|V^B)(V^B|V^2)(V^2|V^A). (11) 

The cyclic form on the right-hand side of Eq. (pTj) is gauge 
invariant (i.e., independent of the choice of the phase fac- 
tor of each state) because the bra and ket vectors for each 
state appear pair wise. This phase shift 7 is the geomet- 
ric phase P and can be interpreted geometrically on the 
Poincare sphere as shown in Fig.[2l The geometric phase 
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tCV^i? '02, V^s) can be shown to be proportional to the sohd 
angle Q{ipi^tlj2^ip3) of the spherical triangle connecting 
the states l^/^i), l^/^o), and \iIjs) with geodesic arcs on the 
Poincare sphere [sl, l37|, i.e., 



(12) 



The sign of the geometric phase is determined by the 
order of the states. 



B. Nonlinearity of geometric phase for one photon 

Here, we consider the nonlinear behavior of the geo- 
metric phase for one photon using the experimental setup 
shown in Fig.[Tl This is a similar setup to the one used in 
previous experiments with a laser light source [18, 23]. 

The initial polarization state {i/ji) is prepared by the 
linear polarizer LPi: 



1^1 



■sin6'i|H) + cos 6*11 V), 



(13) 



where Oi is the angle between the vertical hue (— 7r/2 < 
Oi < 7r/2) and the transmission axis of LPi, |H) is the 
horizontal polarization state, and |V) is the vertical po- 
larization state. The initial state is changed by two 
quarter- wave plates, QWPa and QWPb, whose fast axes 
are aligned to form angles of 0° and 90°: 

IV^a) = -sin^ilH) +icos^i|V), (14) 
IV^b) = -isini9i|H) +cos6>i|V). (15) 

Finally, these polarization states are projected into the 
same state |?/^2) by the linear polarizer LP2: 



|V^2) =cos^2|H)+sin^2|V), 



(16) 



where O2 is the angle between the horizontal line (0 < 
O2 < tt) and the transmission axis of LP2. Since this 
setup satisfies |('02|'0a)| = |('02|'0b)|, the visibility of the 
interference fringe becomes unity. 

Substituting Eqs. - into Eqs. (g]) and ([III), we 
can obtain the relative phase and the geometric phase 
7(V^A, V^B, V^2): 



- (cos2i9i>0), 
-| (cos 2^1 <0), 



2 tan 



2 tan 



tan6>i 
tan O2 
tan Oi 
tan 62 



(cos26>i > 0), 
-TT (cos2i9i < 0), 



(17) 



(18) 



where the range of tan ^() is (— 7r/2 : 7r/2]. The summa- 
tion of two phases is given by 



+ 7 = 2 tan 



tan 6^1 
tan O2 



TT 

2* 



(19) 



The top of Fig.llfa) shows the variation of Eq. (p!8]) with 
respect to 61 for three different values of 62. It shows 
that, except for ^2 = 7r/4, the geometric phase is nonlin- 
ear with respect to Oi. The phase shift around ^1 = is 
sensitive to a change in Oi when O2 is small. This non- 
linear variation can be observed as a rapid displacement 
in the interference fringe when we change Oi by rotating 
LPi [19-23]. 

Equation ([18]) shows that the nonlinear behavior of the 
phase shift originates from the geometric phase 7 and can 
be understood intuitively in terms of the geometry on 
the Poincare sphere. In the present setup, I^/^a) and I^/^b) 
given by Eqs. ([T3|) and ([T5|) can be depicted at a latitude 
of ±2^1 on the prime meridian and the final state \1IJ2) 
given by Eq. (fT6|) can be depicted on the equator at a 
longitude of 26>2 (see Fig.H]). When < 6>2 < 6>i <C 1, 
|?/^a) and |?/^b) are located near the vertical polariza- 
tion state while \1IJ2) is near the horizontal polarization 
state. In this condition, the spherical triangle connecting 
IV^a), IV^b), and \iIj2) almost degenerates to a great circle. 
Therefore, the solid angle Q is almost equal to +27r. Now, 
we consider that Oi is changed to exchange the positions 
of I^/^a) and |V^b) on the Poincare sphere. IV^a) and |?/^b) 
move toward \V) with decreasing 61. When the distance 
between \iPa) and \iPb) becomes less than 2^2, the area 
of the spherical triangle shrinks rapidly. After traversing 
|V), the area Q blows up rapidly and approaches — 27r. 
Thus, the area Q changes rapidly from — 27r to 27r around 
^1=0 and the phase shift can vary nonlinearly. 

In the nonlinear region of the phase shift around Oi = 
0, the success probability of the post-selection drops ac- 
cording to Eq. ([7j): 



p(<9i,6>2) = sin^ (9i cos^ O2 



cos^ Oi sin^ ^2- 



(20) 



The bottom of Fig.[3][a) shows a plot of Eq. ([2Q|) on a 
logarithmic scale. It implies that a rapid change in the 
geometric phase around 61 = can be achieved at the 
expense of the output intensity. 



C. Geometric phase for N photons 

As shown by Klyshko [26] , N identically polarized pho- 
tons are expected to acquire N times the geometric phase 
for one photon. In this section, we theoretically analyze 
the interferometric method for observing the TV-fold ge- 
ometric phase. 

Assuming that a collection of N photons is incident on 
the interferometer (see Fig.[T]) and that these photons can 
form path- entangled states in the interferometer known 
as NOON states (i^ all the N photons pass through 
path A or path B jS^-Q)? the polarization state of the 
N photons can be expressed as the TVth tensor product: 



(21) 



where i = (1,2, A, B) and (g) represents the tensor prod- 
uct. 
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FIG. 3: Geometric phases and success probabilities of post-selection for (a) one and (b) two photons. The first row shows the 
variation of the geometric phase and the second row shows the success probability of the post-selection with respect to Oi for 
O2 — 7t/50 (solid line), ^2 = vr/lO (dashed line), and ^2 = 7r/4 (dotted line). 




+27r 



FIG. 4: (Color online) Geometrical interpretation of the non- 
linear variation of the geometric phase around (^1,^2) = 
(0, 0). If IV^a) and I '0b) are close to each other across the ver- 
tical polarization state |V) on the Poincare sphere, the area 
of the spherical triangle will vary rapidly with movement of 
IV^a) and IV^b)- 



If an additional U(l) phase shift x is introduced in one 
of the arms, the output intensity measured by the 
A^-photon coincidence detector will be 



J„,oc|||vI/A)+e*^'^|\E'B)|r 
= 2 [1 + Ki cos {Nx - $r 



(22) 
(23) 



spectively given by 



i(^Bi^A)r, 

A^arg{^B|^A)- 



(24) 
(25) 



Since photons act as a collective entity in the inter- 
ferometer, the phase term in Eq. (|23]) is N times that for 
the one photon case. 

After post-selection into the polarization state 1^2), 
the output intensity If is given by 

If ^ II ((^2|^a) + e^'^^(^2|^B)) 1^2) f (26) 
= 2P[l + FfCos(7Vx-^f)], (27) 

where the success probability for post-selection P, the 
visibility l^, and the phase shift <l>f are respectively ex- 
pressed by 



2N 



CB 



\2N\ 



2|cacb 



I AT 



|2Ar 



|2Ar 



Vf = 

\CAr' + |cb| 
<l>f = 7Varg(V^B|V^2)(V^2|V^A). 



where the visibility and the phase shift <l>rn 

are re- Substituting Eqs. ([14]) - ([16]) into Eqs. ([2 



(28) 

(29) 
(30) 

([30]) we can 
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FIG. 5: (Color online) Experimental setup for observing the 
geometric phase for two photons. IF is an interference filter 
and Ma and Mb are total reflection mirrors. 



obtair 



P = (sin^ Oi cos^ O2 + cos^ Oi sin^ O2) ^ , 
Vf = h 

_i ft8inOi\ Ntt 
tan O2 J ^ ~Y' 



= 2A/'tan" 



(31) 
(32) 

(33) 



Figure[3jb) shows the variation of P and <l>f with respect 
to 01 for N = 2. 

Since the slope of the phase shift for TV photons around 
^1 = is times steeper than that for one photon, we 
can obtain an TV-fold enhancement in the variation of Oi 
[see the top of Fig. [3]. However, the success probability 
of post-selection P decreases as the Nth power of the 
one-photon success probability p because P corresponds 
to the probability that all N photons are successfully 
post-selected into state |?/^2) [see the bottom of Fig. [3]. 



III. OBSERVATION OF GEOMETRIC PHASE 
FOR TWO PHOTONS USING PHOTON PAIRS 



A. Two-photon interference in Mach-Zehnder 
interferometer 



We consider a two-photon state input at port 1 and 
a vacuum state input at port 1' of a symmetric Mach- 
Zehnder interferometer. The first beam splitter splits 
the incident photons into two paths A and B: 

|2)i|0)r 

^|2)a|0)b + e'2x|0)A|2)B + 2e'>^|l)A|l)B, (34) 

where the photon number state with N photons in path 
(or port) p is written as \N)p and x is the additional 
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FIG. 6: (Color online) Measured one- and two-photon inter- 
ference fringes. The blue squares (■) and red circles (•) indi- 
cate the one-photon interference measured by single-photon 
counting and the two-photon interference measured by co- 
incidence counting, respectively. The solid curves show the 
theoretical interferences. 



phase shift. When we operate coincidence counting be- 
tween output port 2 and 2', the |1)a|1)b term in Eq. (|34|) 
is missing due to the complete destructive two-photon 
interference [45] , producing a two-photon path-entangled 
state to be detected. 

The above consideration is valid even if the interfer- 
ometer contains polarization elements as shown in Fig.[T] 
because the polarization states of two photons are even- 
tually projected into the same states with the same prob- 
ability at output ports 2 and 2'. Hence, we can observe 
the nonlinear behavior of the phase shift of two photons 
using coincidence counting between output ports 2 and 
2^ 



B. Experimental setup 

Fig. [5] shows a schematic representation of the experi- 
mental setup. Photon pairs are generated in the period- 
ically poled LiNbOa (PPLN) waveguide via degenerate 
type-I parametric down-conversion of a 410-nm blue light 
from a laser diode (LD). The temperature of PPLN is cal- 
ibrated by a temperature controller to satisfy the phase 
matching condition. The center wavelength of the photon 
pairs is 820 nm and its spectral bandwidth is restricted to 
20 nm by the interference filter IF. After beam shaping 
by the single-mode optical fiber, photon pairs traverse 
the Mach-Zehnder interferometer with polarization ele- 
ments. The phase difference between two arms is varied 
continuously by shifting the total reflection mirror Mb 
using a piezoelectric translation stage. The outputs of 
the interferometer are coupled to a pair of single-photon 
counting modules (Perkin Elmer, SPCM-AQR-14). Indi- 



(a) One photon 



(b) Two photons 
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FIG. 7: (Color onhne) Experimental results for geometric phases of (a) one and (b) two photons with respect to Oi for three 
different values of O2. 



vidual photon counts and coincidence counts are recorded 
using field-programmable gate arraj^(FPGA) electronics 
connected to a personal computer [46i |. 



IV. DISCUSSION : SNR OF MEASUREMENT 
SCHEME USING NONLINEAR BEHAVIOR OF 
GEOMETRIC PHASE 



C. Observation of geometric phases for one and 
two photons 

Figure[6] shows the one- and two-photon interference 
fringes obtained for photon pairs. The solid line is a fit 
by a sinusoidal function. The vertical axis shows the 
single-photon and the coincidence count rates. This fig- 
ure shows that the two-photon interference fringe has a 
period given by the wavelength of the pump light and an 
average visibility of 63%. 

FigureEl shows the phase shifts of one-photon and two- 
photon interference fringes with respect to 61 for 62 =45° 
(filled green circles), 20° (open blue circles), and 10° 
(filled red squares). The origin of the vertical axis is 
determined by the position of fringes when Oi = —90° 
and the value of the vertical axis shows the displacement 
of fringes normalized by one period of the fringes. The 
solid line in Fig. [71 indicates the theoretical curve calcu- 
lated from Eq. (|33|) . For both one- and two-photon inter- 
ference, the gradient of the variation of the phase shift 
around Oi = 0° increases with decreasing ^2- This im- 
plies that the variation in the phase shift becomes more 
sensitive to a variation in 61. Moreover, the phase shift 
for two photons is two times larger than that for one pho- 
ton. Thus, the gradient of the phase shift for two photons 
around 9i = 0° also becomes two times steeper than that 
for one photon. 



In what follows, we consider the measurement of a 
small polarizer angle 9i (\0i\ <C 1) through the phase 
shift of the interference fringes. As shown in the previ- 
ous section, the geometric phase becomes sensitive to a 
variation in 9i around ^1 = when O2 is small. Moreover, 
the geometric phase for N photons will be N times more 
sensitive to a variation in 61. Utilizing this nonlinear 
behavior, we can measure the small angle 61 from the 
large phase shift of the (TV-photon) interference fringe. 
However, the small success probability of post-selection 
around 6>i = might cancel out the advantage of the 
large phase shift. 

In this section, we calculate the SNR of this measure- 
ment using the geometric phase for N photons to eval- 
uate its advantages and disadvantages. Interferometric 
phase measurement is subject to various noises. In the 
ideal situation, the shot noise is dominant, whereas in 
most experiments, the SNR is limited by technical noises 
such as excessive fluctuations in the light sources. Thus, 
we calculate the SNR for a case with technical noise in 
addition to the shot noise. We show that the nonlinear- 
ity of the geometric phase does not improve the SNR in 
the shot noise limit. However, under certain technical 
noises, the large phase shift due to the nonlinear ity of 
the geometric phase can be of practical advantage. 



A. SNR of direct measurement 

First, we evaluate the SNR of the direct measurement 
of Oi without utilizing the geometric phase as shown in 
Fig. [HI We consider a sequential measurement of single- 
photon counts integrated over the interval r for 45° and 
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FIG. 8: (Color online) Direct measurement of 6i. /+ and /_ 
show the single photon counts for 135° and 45° polarization, 
respectively. 



135° polarizations expressed as 
{I^{r))=rjrM\{X\^,)f = ^ 



{I_{r))=rjTM\m,)\' 



r]rM 



(l + sin2(9i), (35) 
(l-sin2(9i), (36) 



where ( • ) shows the ensemble mean value, M is the num- 
ber of incident photons per unit time, and 77 is the detec- 
tion efficiency. The angle Oi can be measured from the 
ratio of the difference to the sum between (/+) and (/-): 



{J+(r))-{J-(r)) 
(/+(r)> + (/_(r)) 
2^1, 



(37) 
(38) 



where we assume that the absolute value of Oi is small 
(1^1 1 <C 1). The sum contains information about the 
total number of successful measurements, and the dif- 
ference contains phase information as a function of Oi. 
From Eq. (j38j), the mean value of experimentally obtained 
counts (n) is twice the true value Oi. 

Here, we consider the technical noise due to the fluc- 
tuation in the number of incident photons (i.e., M 
M{1 + £,{t))) in addition to the shot noise. Since we 
assume that two outputs and /_ are measured se- 
quentially, the technical noises in the two outputs are 
uncorrelated with each other and there remains techni- 
cal noise in the difference of the two outputs. Under this 
condition, the variance of the total noise around ^1 = 
is calculated from Eq. (jA14p as 



T \riM 2 



(39) 



where is the power spectrum of the intensity fluctua- 
tion. The first and second terms of Eq. ([39]) are respec- 
tively attributed to the shot noise and the technical noise. 
The shot noise is dependent on M, whereas the technical 
noise is independent of it. Thus, we cannot reduce the 
technical noise by increasing the input beam intensity. 

From Eqs. ([37]) and ([39]), the SNR of the direct mea- 
surement is obtained as 



{njOi)) 



(40) 
(41) 



The above equation shows that the SNR is proportional 
to in the region where the shot noise is dominant 
(i.e., r]M <C f~^) whereas the SNR is constant with re- 
spect to M in the region where the technical noise is 
dominant (i.e., rjM ^ ^~^)- 

B. SNR of measurement utilizing the nonlinearity 
of the geometric phase 

We now derive the SNR of the measurement using the 
nonlinear behavior of the geometric phases. We consider 
the sequential measurement of the two different outputs, 
and /_, corresponding to fringes of TV-photon inter- 
ference that are out of phase with each other: 

iUir)) = "^""^^jf'^^'^ {1 + cos [^(^1, ^2)]} , (42) 



{l-FfCos[^(^i,^2)]}, (43) 



where ^{01,62) = Nx - ^£(6^1, 6^2), f] is the detection 
efficiency of A/'-photon coincidence, u is the incident N- 
photon flux per unit time, and r is the integrated time 
for A/'-photon coincidence counting. The total photon 
number per unit time is M = uN. 

The angle 61 can be measured from and (/_) as 



M^l,^2)) 



(I+jr)) - jl-ir)) 
{U{r)) + {I.{r)) 
Vfcos [$(^1,^2)]. 



(44) 
(45) 



To measure a small value of ^1, the offset phase x is set 
to satisfy {n{Oi = 0,^2)) = 0; i.e.. 



N- 



X 



2N 



In this condition, (n) is calculated as 

_2 /'tan6>i 



(n(^i,^2)) = ^fsin 



27V tan" 



^ tan O2 

For a sufficiently small value of Oi satisfying 



l^il 1 



(n) is found to be 



tan 02 



1=0 



(46) 

(47) 

(48) 

(49) 
(50) 



Comparing Eq. ([50]) with Eq. ([38]) . we find that the ex- 
perimentally obtained value is enhanced by the gradient 
of the geometric phase NVf/ tan 6^2- 

In the same manner as Eq. ([39]) . we introduce fluctua- 
tion in the incident iV-photon flux i.e., u u{l-\-^{t)). 
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FIG. 10: The SNR of Q\ measurement with respect to the total 
number of photons for three different values oi N . O2 is fixed 
at 7r/20. We have taken 14 = 1, ry = 1.0, /r = 2.5 x 10"^ 
and Oi = 7r/180. 

As the rate of M increases, the SNR scales as a/M in the 
region where the shot noise is dominant {rjuP <C 
On the other hand, the SNR is saturated in the region 
where the technical noise is dominant {rjuP ^ In 
the latter region, the SNR is enhanced by a factor of 
7V]/f/tan6>2 compared to Eq. (gl]). 



FIG. 9: The SNR of Oi measurement with respect to the total 
number of photons for two different values of O2. (a) One- 
and (b) two-photon cases. We have taken Vf = 1, 77 = 1.0, 
= 2.5 X 10"^ and Oi = vr/lSO 



This type of noise may be introduced via intensity fluctu- 
ations of the pump beam driving A/'-photon generation. 
The variance in the total noise around 6>i = is calcu- 
lated as 



{Sn{ry 



1 



1 



2 



(51) 



where the technical noises in and /_ are assumed to 
be uncorrelated with each other. Comparing the above 
equation with Eq. (|39|) . we can see that the technical 
noise is unchanged, whereas the shot noise is increased 
by a factor of 1/P(0, 62) — (1/^2)^^ because the number 
of successful measurements is reduced due to the small 
success probability of the post-selection. 

The SNR is calculated from Eqs. (j50]) and (j5l]) as 



2NViei 



tan^2 V W^^^(0.^2)} + ?/2* 



(52) 
(53) 



C. Comparison of measurement using geometric 
phase and direct measurement 

Figure[9] shows a plot of Eqs. (|4T]) and (|53|) with respect 
to the total number photons per unit time, M = uN ^ 
for TV = 1 and N = 2. The dotted line indicates the 
SNR of direct measurement. The dashed and solid lines 
show the SNR using the geometric phase for O2 = 7r/4 
and 7r/20, respectively. For N = 1 and A/" = 2, the 
SNR using the geometric phase is smaller than that of 
direct measurement in the region where the shot noise 
is dominant, whereas in the region where the technical 
noise is dominant, the SNR is improved by enhancement 
due to the geometric phase. In the latter region, the 
SNR increases with decreasing 6>2. Moreover, the SNR 
for A" = 2 is two times larger than that for A" = 1. 

FigurefTOl shows the SNR with respect to M for A" = 1 
(dotted line), 2 (dashed line), and 3 (solid line). The 
maximum SNR for the same O2 is proportional to A'. 
Thus, whenever a sufficiently intense beam satisfying 
rjvP ^ ^^/2 is used, the SNR can be improved via the 
nonlinearity of the A'-photon geometric phase. 



V. SUMMARY 

We have shown that the A^-fold geometric phase man- 
ifests in the A'-photon interference fringe. In our ex- 
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periment using photon pairs, we obtained the geomet- 
ric phase for two photons, and confirmed that it is two 
times larger than that for one photon. The gradient of 
the phase shift for two photons is also two times steeper 
than that for one photon. We compared the SNRs for 
a direct measurement and for a measurement using the 
nonlinear behavior of the geometric phase for N pho- 
tons. We demonstrated that the measurement using the 
nonlinear behavior of the geometric phase has practical 
advantages under certain types of technical noise. More- 
over, it has been shown that the SNR using N photons 
can be N times larger than that for the one-photon case. 
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where 6{t) is the Dirac delta function and is the power 
spectrum of the technical noise. 

Integrating the coincidence count over time r, we ob- 
tain 

I{t,T) = {I{t)) + 5I{t,T), (A5) 
where its ensemble mean value and fluctuation are 

(/(r)> = {i)T, (A6) 

pt+r 

SI{t,r) = J 5i{t')dt\ (A7) 

The variance of the noise in /(t, r) is given by the ensem- 
ble mean value of ^/(t,r)^: 

((5/(r)2) = r l\8i(t')5i(t''))dt'dt'' (A8) 
= ((i)+ar. (A9) 



Appendix A: Mean value and fluctuation of photon 
counting 

In what follows, ( • ) and 5 • respectively show the en- 
semble mean value and the zero-mean fluctuation. 

We represent the photon counting rate at given time t 

as 



lit) = {i)^Si{t). 



(Al) 



The fluctuation 5i{t) contains the technical noise ^{t) in 
addition to the shot noise e{t). The correlation function 
of the fluctuation is expressed as 

{5i{t)Si{t')) = {e{t)e{t')) + mm), (A2) 

where the shot noise and technical noise are assumed to 
be uncorrelated with each other. Assume that photon de- 
tection is a random process and that (_{t) can be modeled 
as white noise: 



{e{t)e{t')) = mt-t'), 



(A3) 
(A4) 



To measure a certain parameter, consider the ratio of 
the difference to the sum between two outputs /i(ti,r) 
and /2(^2,t): 



n(ti,t2,r) 



/i(ti,r) -/2ft2,r) 
/i(ti,r)+/2(t2,r) ^ ^ 

(n(r))+^n(ti,t2,r), (All) 



with 



{n(r)) 



(Ji(r))-{/2(r)) 
{/i(r)) + {/2(r))' 



(A12) 



r . ^ SIi{ti,T) - 5l2{t2,T) 

'"(^"^^'"^= {/i(r)) + (/2(r)) ' (^^'^ 

where we assume that SIi^Sl2 <C (/i(r)) + {l2{r)). The 
variance of the noise in n{ti^t2^r) is given by 



2\ 



[(/i(r)) + (/2(r))]^ 



(A14) 
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